Actuator arrays that consist of a planar arrangement of actuators are widely used for transportation of objects or shaping a rough surface by controlling the actuators cooperatively. In particular, thermal displays that consist of multiple heat sources spread over a surface have been developed for many years. Generally, the expression ability is determined by the number of actuators in actuator arrays, and accordingly, thermal displays require many heat sources to ensure a high spatial resolution of temperature distribution. However, the number of usable heat sources is limited because of mechanical issues. In order to solve this problem, a control method that employs a model derived from a thermal diffusion equation and is used between two heat sources, is proposed in this paper. By using the proposed method, any selected point of the heat conduction can be expressed using only one heat source. Therefore, infinite number of nodes of propagation can be reproduced by selecting a desired node. The method is expected to extend the technology for controlling multiple actuators or heat sources on a surface.
Introduction
Actuator arrays that consist of a planar arrangement of actuators are widely used for transportation of objects or shaping a rough surface by controlling the actuators cooperatively. For example, multiple actuators are used for spatial haptic motion (1) (2) . In particular, thermal displays that consist of multiple heat sources spread over a surface have been developed for many years.
In many cases, Peltier devices (3)- (5) are used as heat sources for thermal displays. The device is useful because it can be controlled to be hot or cool. There are a lot of studies about the device itself, such as robust temperature control (6) or heat flow control (7) . Both temperature and heat flow can be controlled using some control method (8) - (10) .
Controlling multiple heat sources as thermal displays have also been studied. The study (11) (12) developed thermal display by spreading some Peltier devices. In addition, 4-channel and 12-channel dynamic thermal displays that were used to create a continuous cooling sensation without changing the average temperature is proposed (13) . Besides, space-time interactions of thermal stimuli is presented (14) . Some studies focus on a real heat conduction on material, and some control methods are proposed (15) . The control system of these conventional methods are for single Peltier device, and temperature distribution can not be controlled at once. Therefore, these thermal displays require many heat sources to render a high spatial resolution of temperature distribution.
Heat conduction can be controlled virtually by setting the virtual thermal conductance based on a lumped parameter model (16) . Although, heat conduction has to be treated as a distributed parameter system considering both temporal and * Department of System Design Engineering, Keio University 3-14-1, Hiyoshi, Kohoku-ku, Yokohama 223-8522, Japan There are some studies that control thermal system using a thermal diffusion equation (17) - (19) . Most of these studies treat the heat phenomenon as an integrator and time delay element using approximation. In many cases, these models are used for only monitoring, not controlling. However, there is a possibility that such a model can be used for thermal displays. Generally, the expression ability of thermal system is determined by the number of heat sources. However, the number of usable heat sources is limited because of mechanical issues. In order to solve this problem, a control method that employs a model derived from a thermal diffusion equation and is used between two heat sources, is proposed in this paper. The objective of this paper is shown in Fig. 1 . By using the proposed method, freely-selected point of the heat conduction can be expressed by only one heat source. Therefore, infinite number of nodes of heat conduction can be reproduced by selecting a desired node. The method is expected to extend the technology for controlling multiple actuators or heat sources on a surface. Some experiments and simulations are conducted to confirm the proposed method.
Advantage of the Proposed Method
Advantage of the proposed method is rendering ability of single actuator can be improved. In general, functionality of control system is determined by the number of actuators involved the system. As for thermal display, a lot of heat sources are needed to render a precise thermal sensation. However, control system becomes large by an amount equal to the number of heat sources, and the number of usable heat sources is limited. This paper focuses on this point. In the proposed method, command of each heat source includes thermal dynamics of all positions. Therefore, it is possible to render a freely selected point of heat conduction and the position of rendering point can be changed as needed by using the proposed method. Accordingly, expressed resolution can be improved by using a limited number of heat sources. The method can be applied to every system of actuators array, not only thermal display.
Modeling of the Thermal System

Precondition of the Thermal System
There are some preconditions for modeling in this paper. As for a whole thermal system,
• Multiple heat sources are arranged in a line.
• Real heat interference between heat sources are not occurred. • Virtual heat conduction is controlled between heat sources. • One heat source is treated as single point.
(The size of the heat source is not considered in this model). Here, heat interference between heat sources are not considered in the thermal model because each heat source is compensated from a heat disturbance observer (HDOB) (6) that can reject disturbance such as heat interference. As for virtual heat conduction,
• One-dimensional heat conduction is considered.
• The law of the conservation of energy (first law of thermodynamics) is established. • The Fourier's law (second law of thermodynamics) is established. • Radiation of heat is not considered.
• Thermal parameter of heat conduction is uniform.
The assumption is related to the heat flow command of the Peltier device. Therefore, these assumptions influence on the temperature responses of the device.
Composition of the Thermal System
The thermal system used in this paper consists of multiple heat sources, called Peltier devices. The array of heat sources are called 'thermal display' in this paper. Thermal phenomena in the thermal display is modeled by using thermal network method (20) (21) . The model is shown in Fig. 2 . Here, C v , R v , C p , R p , R e , α, I, T a , T p , and T pb stand for virtual thermal conductance, virtual thermal resistance, the one of the Peltier device, electric resistance, Seebeck coefficient, current, absolute temperature, and temperature of both sides of Peltier device, respectively. In the case, heat conduction between two Peltier device is virtual one. By using the model, heat conduction can be expressed by using single heat source. The proposed method needs some heat sources using for setting the boundary conditions of virtual heat conduction and rendering it. As for the experiments in this paper, one or two devices were used for boundary conditions of virtual heat conduction, and two or three devices were used for rendering the Fig. 2 . Modeling of thermal system using a thermal network method virtual heat conduction.
Modeling of Heat Conduction
By using the precondition mentioned in Section 2.1, virtual heat conduction between two heat sources are modeled based on a thermal diffusion equation. In this paper, heat flow dimensional equation is used because derived model of heat conduction becomes simple one. The equation is expressed as
, · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)
where t, x, q, c s , ρ, λ, and c d stand for time, space, heat flow, specific heat, density, and thermal diffusivity, respectively.
Here, relationship between temperature and heat flow (22) (23) can be calculated as
x) · · · · · · · · · · · · · · · · · · · · · · · · · · · (3)
x), · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)
where T denotes temperature. The initial condition is set as q(0, x) = 0.· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (5) By using (5), the solution of (1) is derived as
,· · · · · · · · · · · · · · · · · · · · · · · · · · · (6)
where s denotes the Laplace operator. The block diagram of the fundamental model is shown in Fig. 3 . In the case of Dirichlet boundary condition, heat flow from both sides of heat sources can be calculated as
.· · · · · · · · · (7)
Next, frequency characteristics of the thermal model is analyzed. e − √ s can be rewritten in a polar coordinate system shown as
√ ω .· · · · · · · · · · · · · · · · · · · · · · · · · (8) By using Euler's formula, √ j is shown as = cos π 4 + j sin π 4
. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (9)
Therefore, the thermal model derived from (8) is calculated as
√ ω 2 j . · · · · · · · · · · · · · · · · · · · · · · · · (10)
From (10), the thermal model has a damping element and a delay element. The model are used for heat flow command of each heat source. Implementation of the model is explained in the next section.
Implementation of Distributed Parameter Model
In order to implement the model derived in previous chapter, the number of terms are reduced by an approximation method. e − √ T s can be approximated using power series expansion shown as
.· · · · · · · · · · · · · · · · (11)
In this paper, Oustaloup's filter (22) (23) is used to implement (7) . The definition of the filter is shown as
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, · · · · · · · · · · · · · · · · · · · · · · · · · · (15) where γ, N, ω b , and ω h stand for order of the Laplace operator, order of the filter, low frequency limit, and upper frequency limit, respectively. Figure 4 shows bode diagram of the approximation model comparing to the theoretical model. In this case, x is set to 15 mm, and the thermal diffusivity of copper is used for calculation. ω b and ω h were set to 10 −2 rad/s and 10 2 rad/s, respectively. The transfer function of the thermal model after approximation is shown as 
. · · · · · · · · · · · · · · · · · · · · · · · (16)
Here, N is set to 2, because it is enough to verify the proposed method within the bandwidth between 10 −2 rad/s and 10 2 rad/s. In order to increase resolution of the proposed method, order of the filter has to be increased.
Modeling of Peltier Device
Peltier devices are used as a heat source in this method. The Peltier devices are thermoelectric elements and used for heating/cooling surface on the thermal display. It generates heat based on Peltier effect, and reference value of the heat flow generated from the device is described as
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (17) where subscript ref stands for reference value of Peltier device. Therefore, Peltier device can be controlled by a current.
Control Algorithm of the Heat Conduction System
Control at Selected Point of Heat Conduction
The whole block diagram of the control system is shown in Fig. 5 . Subscript l, r, x, K pt , K dt , K ph , K dh , subscript cmd, cmp, dis, and res stand for the left, right side, position x, and proportional and differential gain of temperature and heat flow control, command value, compensated value, disturbance, and response, respectively. The green area in Fig.  5 is the model of the device using for setting boundary condition of virtual heat conduction. The temperature of the device is controlled by proportional and differential controller. The yellow area in Fig. 5 is the model of the device using for rendering virtual heat conduction. The device is controlled based on the command at red area in Fig. 5 . Here, the Peltier devices are controlled robustly by the HDOB that to remove disturbance factors such as unnecessary heat flow generated into the control system. The command value of the device for rendering virtual heat conduction will be explained in the next section.
Virtual Heat Conduction Between Heat Sources
The command of heat flow is calculated as q cmd = e −cx √ s q l + e −(L−x)c √ s q r ,· · · · · · · · · · · · · · · · · · (18) where q l and q r stand for heat flow of the boundary heat sources. From (18) , heat flow command is changed depending on x. Therefore, heat flow at selected point can be expressed using heat conduction from q l and q r . The command is used for controlling Peltier device as if any point of heat conduction can be rendered. The devices for rendering heat conduction are controlled by using the heat flow command derived from (18) . Heat flow of these devices are controlled with compensation from a disturbance observer. The actual plant model at the x is derived as q ref x − q dis = q res x · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (19) = CsT res x . Here, the reference value of the device for rendering virtual heat conduction is expressed as q ref = K ph + K dh q cmd − q res .· · · · · · · · · · · · · · · · · (20)
In the next section, some experiments are conducted to verify the validity of the proposed method. Figure 6 shows the experimental setup of virtual heat conduction system. There are four Peltier devices that are spread on the same surface of heat sink, and four thermocouples and heat flux sensors. The device number are set, such as devices 1, 2, 3, and 4, respectively. The size of the Peltier devices are 20 mm × 20 mm. Thermal parameters of the virtual heat conduction were set based on a copper material that the length (L) is 45 mm. The Peltier devices are used as actuators and they reproduced virtual heat conduction (x) and its boundary condition (x = 0, L). A temperature sensors (thermocouples and heat flux sensors) were attached to each device and get temperature and heat flow information of the Peltier device. The command of q x is derived from q l (x = 0) and q r (x = L), and proportional and differential controllers were used for heat flow control based on the command. Here, the relationship between the experimental set up and the proposed control system is shown in Fig. 7 , where x stands for the distance from the heat source. When virtual heat conduction from one side of heat source is reproduced, the device 1 in Fig. 6 is used as a boundary condition and devices 2, 3, and 4 reproduce the virtual heat conduction. This means that temperature of the device 1 is controlled and the other devices are controlled to the command based on a thermal diffusion equation including the heat flow response of the device 1 (q l ). In this experiment, q l was derived from temperature of the device 1 (T l ) that was controlled to 1 K, and q r was 0. When virtual heat conduction from both sides of heat source is reproduced, devices 1 and 4 are used as boundary conditions and devices 2 and 3 reproduces virtual heat conduction. Here, temperatures of devices 1 and 4 are controlled to 1 K and −1 K, and q l and q r Fig. 8 . Outline of the experiments are derived from these temperatures.
Experiment
Outline of Experiments
There are three kinds of experiments. The outline of the experiments are shown in Fig. 8 . First, implemented heatconduction model was verified. In case of exp. A, the left side of the device (device 1) was controlled to 1 K, and the command of the right side of it (device 2) were monitored. The command of heat flow was compared to the real heat conduction using a copper wire, that is attached heat source at the left side of the wire. The length of the wire is also 45 mm. The experimental results were also compared to simulation results that are derived from the theoretical value at a selected point of virtual heat-conduction material. In addition, frequency characteristics between response of heat flow and the command of heat flow derived from it were verified. Here, sweep signal was applied for 100 seconds, the frequency was changed from 0.01 rad/s. Second, heat-conduction control was verified. In case of exp. B-1, temperature of left side of the device (device 1) was controlled to 1 K. The devices 2, 3, and 4 were controlled from the command of heat flow based on (18) . In this experiments, x was set to 15 mm (L/3), 30 mm (2L/3), and 45 mm (L) (exp. B-1). In exps. B-2, B-3, and B-4, temperature of both sides of the devices (device 1, device 4) were controlled to 1 K and −1 K. As for another devices, x used for the command of heat flow is changed. In case of exp. B-2, the command of devices 2 and 3 were set to 5 mm (L/9) and 40 mm (8L/9) from the left. In case of exp. B-3, the command of devices 2 and 3 were set to 15 mm (L/3) and 30 mm (2L/3) from the left. In case of exp. B-4, the command of devices 2 and 3 were set to 22.5 mm (L/2).
Third, the proposed method was compared to a lumped parameter model. In case of exp. C, temperature response using a distributed parameter model when x was set to 15 mm was compared to the one based on a lumped parameter model. In this case, virtual heat conduction based on a two-inertia model was used as a conventional method. The role of the devices in the experiments are shown in Table 1 . Here, "B" and "V" mean that the device is used for rendering boundary Table 2 . Here, the temperature control for real heat conduction was started in 10 seconds, and the data plotted on the graph after 10 seconds. The temperature control of heat sourc e for the virtual heat conduction was also started from 10 seconds, and the initial value of the heat flow responses were different because calculation of heat flow command for virtual heat conduction was started in 0 seconds. From Fig. 9 (a) , the command of heat flow is almost same with the real one. Thus, it can be said that the command of heat flow derived from (18) can be expressed a real heat conduction. Figure 9 (b) shows the transient responses of temperature value in case of exp. A. These experimental results were compared to the simulation values that are derived from the theoretical values at selected point of virtual heat-conduction material. From Fig. 9 (b) , temperature responses are almost same as the simulation results. Therefore, it is found that temperature responses can be controlled to the thermal model based on a thermal diffusion equation. The bode diagram between the heat flow response of the device 1 and the heat flow command of device 2 is shown in Fig. 10. From Fig. 10 , the frequency characteristics are almost same with the theoretical value within the bandwidth between 10 −2 rad/s and 10 2 rad/s. Therefore, the thermal model derived from Section 2. 3 can be implemented in the experiments. Figures 11 (a) and (b) show the temperature and heat flow responses in case of exp. B-1, respectively. From Fig. 11 (a) , the transient responses and the attainment temperature of each cases are different and these experimental results of temperature responses were almost same with the theoretical values. In particular, the wider the position between the boundary heat sources, the slower heat conducts. This is because the model of virtual heat conduction is changed depending on the position on the heat-conduction material. From Fig. 11 (b) , the command value of heat flow becomes large depending on the rendered position. Therefore, the heat flow command is changed depending on rendered position, and temperature responses are changed accordingly. In this experiments, the heat conduction is slow because of using the theoretical value of copper wire that the length is 45 mm. Conduction speed can become faster if the thermal diffusivity Fig. 8 can be rendered. There is a tendency that heat flow command is effected from closer boundary heat source. From these results, freely-selected point of heat conduction can be rendered using a limited number of heat sources. Figure 13 shows temperature responses of exp. C comparing to virtual conduction derived from a lumped parameter model. From Fig. 13 , transient response based on a distributed parameter model is close in theoretical value. However, there is an error between response based on a lumped parameter model and the theoretical value. The reason of the error is that the lumped parameter model did not include all the order of the heat conduction model derived from a thermal diffusion equation. In the case of changing location of the rendering point using the conventional method, the number of the thermal capacitances and the thermal parameters have to be changed. Thus, it is difficult to render a transient response of temperature at selected point using a lumped parameter model, despite complicated calculation of the thermal parameter is required. By using the proposed method, selected point of heat-conduction material can be rendered easily. Therefore, the validity of the proposed method can be verified from some experimental results.
Experimental Results
Verification of Implemented Heat-Conduction Model
Verification of Heat-Conduction Control
Comparing to Lumped Parameter Model
Conclusions
In this paper, the method that model derived from a thermal diffusion equation is used between two heat sources was proposed. By using the proposed method, freely-selected point of the heat conduction can be expressed by only one heat source. Therefore, infinity nodes of heat conduction can be reproduced by selecting a desired node. The validity of the method was verified by some experimental results. The proposed method was derived from one-dimensional thermal diffusion equation and it is limited the applicable range. However, the method is expected to extend to two-dimensional plane by integrating the methods or using two-dimensional thermal diffusion equation. These methods will be considered in the future works. Therefore, the proposed method in this paper is the first step of these multidimensional methods, and it can be a fundamental theory for extending to rendering area of thermal sensation. The method is expected to extend the technology for controlling multiple actuators or heat sources on a surface.
